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' We study the stability of the embeddabihty of compact 2-concave CR manifolds 
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o 



in complex manifolds under small horizontal perturbations of the CR structure. 



The study of local and global embeddability of CR manifolds in complex manifolds 
has occupied a large number of mathematicians in the last forty years. Most of the results 
concern the case of strictly pseudoconvex CR manifolds of hypersurface type, very few is 
known in the other cases. 
I The stability of the embeddability property of a CR manifold M was first studied by 

• N. Tanaka, |14] . for strictly pseudoconvex CR manifolds of hypersurface type and real 

■ dimension greater or equal to 5 embedded in some C^. Few years later R. S. Hamilton, 
[5] et [6], was interested in the stability of the embeddability property for hypersurfaces 

_ provided the perturbation of the original CR structure is the restriction of a perturbation 

■ of a complex structure on some complex manifold X of which M is the boundary. It was 
proved in [8] and [7] that this last condition is satisfied for 2-concave hypersurfaces with 
a perturbation preserving the contact structure. 

Here we consider CR manifolds of higher codimension type with mixed Levi signature 
^ . and we are interested in the stability of the embeddability of such CR manifolds in complex 

?H I manifolds under small perturbations of the CR structure preserving the complex tangent 

bundle. 

Our main result is the following theorem: 

Theorem 1. Let (M, //q.iM) be an abstract compact CR manifold of class , which is 
smoothly embeddable as a CR manifold in a complex manifold X . Assume that (M, /fo,iM) 
is 2-concave. Let £q be a smooth embedding from M into X and denote by Mq the image of 
M by the embedding Sq. Assume that either the db-group of cohomology H^'^{MQ,TifiX\j^j^) = 

or X = CP", and let i^o,iM be an horizontal perturbation o/ifo,iM defined by a (0, 1)- 
form $ G 4+i^(M, Hi^qM), 'l>l. 

Then there exists a positive real number 6 such that if\\^\\i+3 < S, then the CR manifold 
(M, i7o,iM) is embeddable in X as a CR submanifold of class CK 



UJF-Grenoble 1, Institut Fourier, Grenoble, F-38041, France 

CNRS UMR 5582, Institut Fourier, Saint-Martin d'Heres, F-38402, France 

A. M.S. Classification : 32V30, 32V05, 32V20. 

Key words : CR structures, embeddings, homotopy formula. 



1 



2 



C. Laurent-Thiebaut 



Looking to the proof (see section , one can easily see that CP"" can be replaced by 
X CP"i X • • • X CP"'= in Theorem [J 

In the case of a general complex manifold X, Theorem[T]was proved by P. L. Polyakov in 
|12j under the stronger hypothesis that M is 3-concave, and Sq is a generic embedding, but 
with a larger loss of regularity. We have to notice that, compare to our situation, Polyakov 
has no restriction on the kind of the perturbation of the CR structure. For example let us 
consider the CR manifold M = {{z, () € CP" x CP" | Y.]=l ^jCj = 0} which is 2-concave 
if n > 3, then by Theorem [T] any sufficiently small horizontal CR perturbation of M is 
still embeddable in CP" x CP", but, if n > 4, M satisfies the vanishing cohomological 
condition (see |12j). and is 3-concave, so by Polyakov's result any sufficiently small CR 
perturbation (without any restriction) of M is still embeddable in CP" x CP". 

Note that our hypothesis of horizontality of the perturbation allows us to work with 
anisotropic Holder spaces and to avoid a Nash-Moser process in the proof of the theorem. 

Finally note that in the case of a Levi non degenerate hypersurface, by a theorem of 
Gray [4j saying that all contact structures on a compact manifold near a fixed contact 
structure are equivalent, any perturbation of the CR structure can be reduced to an 
horizontal one (in that case the horizontal perturbations are the perturbations which 
preserve the natural contact structure) . So we can immediately derive from Theorem [T] 
the following sharp corollary 

Corollary 2. Let M. be a 2-concave non degenerate real quadric o/CP" defined by 



with p > 2, q > 3 and p + q = n. If we equip M with a sufficiently small perturbation of 
class C'^^ of the CR structure induced by the complex structure of CP"', then the new CR 
manifold is still embeddable in CP" as a CR submanifold of class CK 

The case of the 1-concave non degenerate quadrics was studied by Biquard in [2]. 
He proved that the space of obstruction to the stability of the embeddability is infinite 
dimensional. 

The paper is organized as follows: 

Sections [1] and [2] consist in the description of the general setting and in the definitions 
of the the main objects used in this paper. 

Section [3] is devoted to the proof of Theorem [1] in the general case of a complex 
manifold. We first remark that the problem can be reduced to the solvability of some 
tangential Cauchy-Riemann equation for the perturbed structure. Using global homotopy 
formulas with good estimates we are lead to a fixed point theorem, which gives the solution. 

In section m we consider the case when X = CP". 

1 CR Structures 

Let M be a C'-smooth, / > 1, paracompact differential manifold, we denote by TM the 
tangent bundle of M and by TqM = C ® TM the complexified tangent bundle. 
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Definition 1.1. An almost CR structure on M is a subbundle Hq^iM of TcM such that 
i?o,iMniJo,iM = {0}. 

If the almost CR structure is integrable, i.e. for all Z,W e T{M, Hq^iM) then [Z, W] G 
r(M, -ffo,iM) , then it is called a CR structure. 

If Hq^iM. is a CR structure, the pair (M, Hq^iWI) is called an abstract CR manifold. 
The CR dimension of M is defined by CR-dim M = rkc Ho,iM. 

We set HifiM = i?o,iM and HM = HifiM Ho,iM. 

Definition 1.2. Let (M, iJo,iM) and (M', i?o,iM') be two CR manifolds and F : M -)> M' 

a C^-map. The map F is called a CR map if and only if for each x eM, dF{{Ho^iM.)x) C 

In particular, if (M, Hq^iM) is a CR manifold and / a complex valued function, then 
/ is a CR function if and only if for any L € i^o.iM we have Lf = 0. 

We denote by H°''^M the dual bundle (Fo,iM)* of ifojM. Let A°'«M = /WH^''^M), 
then Cg^q(M) = r^(M,A°'5M) is called the space of (O,g)-forms of class C^ < s < / on 
M. 

If the almost CR structure is a CR structure, i.e. if it is integrable, and if s > 1, then 
we can define an operator 

d, : C^,,(M)^Co^-i,(M) (LI) 

called the tangential Cauchy-Riemann operator by setting dbf = "^/jz/Q ^mx - x^o im' 
satisfies df, o db = and a complex valued function / is a CR function if and only if 
dbf = 0. 

For X G HM, let X^'^ denote the projection of X on i/o,iM and X^'^ its projection 
on i^i,oM. 

For (0, g)-forms with values in the vector bundle Hi^qWI, we define the tangential 
Cauchy-Riemann operator by setting 

dbu(L) = [L,u]^''^, 

ifue r(M, iJi,oM) and L G r(M, i?o,iM) and 

___ 9+1 __ 

db9{L,, L,+i) = ^(-iy+i56(^(Li, ...,Lj,..., L,^i)){Lj) 

+ ^(-iy+'=6'([Zj,Ljfc],Li, ...,Lj,...,Lk,.. . ,Lq+i), 
j<k 

if 6' G C^q{M, Hi^oM) and Ii, . . . ,Lq+i G r(M, iJo,iM). In particular for g = 1, we get 
dbOiLiM) = [Ii,^(l2)]''° - [l2,^(Ii)]''° - e{\Li,L2]). 

The annihilator H^M of HM = Hi^M iJo,iM in T^M is called the characteristic 
bundle of M. Given ^? G M, a; G H^M and X,Y e HpM, we choose uj G r(M,ii"°M) and 
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X,Y e r{M,HM) with 5p = w, Xp = X and Yp = Y. Then dZj{X,Y) = -uji\X,Y\). 
Therefore we can associate to each uj G ffpM an hermitian form 

L^(X) = -ii^(\X^\) (1.2) 

on i^pM. This is called the Levi form of M at cj G HpA. 

In the study of the 9f,-complex two important geometric conditions were introduced 
for CR manifolds of real dimension In — k and CR-dimension n — k. The first one by 
Kohn in the hypersurface case, k = 1, the condition Y(q), the second one by Henkin in 
codimension k, k > 1, the g-concavity. 

A CR manifold M satisfies Kohn's condition Y(q) at a point p G M for some < g < 
n — 1, if the Levi form of M at p has at least max(n — q,q + 1) eigenvalues of the same 
sign or at least min(n — q,q + 1) eigenvalues of opposite signs. 

A CR manifold M is said to be q-concave at p G M for some < g < n — A;, if the 
Levi form at a; G -ffpM has at least q negative eigenvalues on HpM. for every nonzero 
w G H^M. 

In [13] the condition Y(q) is extended to arbitrary codimension. 

Definition 1.3. An abstract CR manifold is said to satisfy condition Y(q) for some 
l<g<n — fcatpGMif the Levi form L^^ aX lj ^ H^Mi has at least n — k — q + 1 positive 
eigenvalues or at least q + 1 negative eigenvalues on HpWi for every nonzero w G H^Wl. 

Note that in the hypersurface type case, i.e. k = 1, this condition is equivalent to the 
classical condition Y(q) of Kohn for hypersurfaces and in particular if the CR structure is 
strictly peudoconvex, i.e. the Levi form is positive definite or negative definite, condition 
Y(q) holds for all 1 < q < n — \. Moreover, if M is g-concave at p G M, then q < {n — k)/2 
and condition Y(r) is satisfied at p G M for any < r < g — 1 and n — k — q + 1 < r < n — k. 

Definition 1.4. Let (M,i/o,iM) be an abstract CR manifold, X be a complex manifold 
and F : M ^ X be an embedding of class C\ then F is called a CR embedding if 
dF{HQ^iM) is a subbundle of the bundle Tq^iX of the holomorphic vertor fields of X and 

dF(i/o!iM) = ro,iX n rcF(M). 

Let F be a CR embedding of an abstract CR manifold into a complex manifold X and 
set M = F(M), then M is a CR manifold with the CR structure Hq^iM = Tq^iX n T^M. 
Let [/ be a coordinate domain in X, then = (/i) • • • i In)-, with A'" = dimcX, 

and -F is a CR embedding if and only if, for all 1 < j < X, dhfj = 0. 
A CR embedding is called generic if dimcX — rkcHo,iM = codimigM. 

2 Perturbation of CR structures 

In this section we shall define the notion of perturbation of a given CR structure on a 
manifold and introduce some new complex associated to the perturbed structure. 

Definition 2.1. An almost CR structure -ffo.iM on M is said to be a perturbation of finite 
distance to a given CR structure -ffo,iM if //o,iM can be represented as a graph in TcM 
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over Hq^iM. It is called an horizontal perturbation of the CR structure Hq^iM if it can be 
represented as a graph in the complex tangent bundle HWl = Hi^qMQ Hq^iM. over Hq^iM., 
which means that there exists $ € Co,i(M, ffi^oM) such that 

Fo,iM ={W £ TcM I W =Z - <^>(Z),Z G Ho,iM}. (2.1) 

The horizontal perturbation i^o.iM of the CR structure i/o,iM will be integrable if 
and only if given Li,L2 G r(M, Fo,iM) and Xf = Li - ^{Li), i = 1,2, there exists W 
such that [Lf , ] =W — ^{W) = W'^ , which is equivalent to 

[Lt,Ltr = -mt,Ltr), m 

if X^'^ denotes the projection on //q.iM and X^'^ the projection on Hi^Wi of X G HWi. 
Since 

[If,!*] = \LiM\ - [HLi)M] - \Li,HL2)] + [«J>(Ii),$(l2)] 

= [Li,l2] - H\Li,L2]) - ([Li,$(l2)] - \L2,HLi)] - «5([Li,l2])) 
+ [$(Li),$(L2)] 

we get 

and the equation (j2.2p is equivalent to 

9fe$(Il,l2) = [«>(Ii),$(l2)] -$([Il,$(l2)]°'') + $([l2,^(Il)]°''), 

which we simply write in the form 

5f-^C=l (2.3) 

Note that if i/o,iM is an integrable horizontal perturbation of i^o,iM) the space HWi = 
HifiM. -ffo.iM coincides with the space HM. and consequently the two abstract CR 
manifolds M and M have the same characteristic bundle and hence the same Levi form. 
This implies in particular that if M satisfies condition Y(q) at each point, then M satisfies 
also condition Y(q) at each point and that if M is (7-concave then M is also g-concave. 

Assume M is an abstract CR manifold and /?o,iM is an integrable horizontal pertur- 
bation of the original CR structure i^o.iM on M. Let / be a complex valued function on 
M, then / will be CR for the new structure -ffo.iM if and only if 

V I* G r(M, #o,iM), L*/ = ^ dtf = dfi^^ = 0. 

But going back to the definition of i?o,iM, this means 

V I G r(M, Fo,iM), (I - ^(L))f = ^ d'if = (db - ^^db)f = 0, 
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where dh is the tangential Cauchy-Riemann operator associated to the original CR struc- 
ture i?o,iM and ^sdbf is the (0, l)-form for the initial structure defined by ^jdbf{L) = 
^{L)f for any section L G r(M, Hq^iM). 
Let us consider the two operators 

: C^(M) ^ r°(M,^°'iM) and : C^(M) ^ r°(M, if°'^M), 

_<j> 

then a fonction / is CR for the new structure i?o,iM if and only if 5^ / = or equivalently 
d'U = 0. 

We are lead to consider two pseudo-complex : 

(Co~(M),af) and (Co~(M),4), 

where C^q{M) = r(M, A^(^°'^M)) and C^q(M) = r(M, A^(i?°'^M)). In degree q > 1, 
since the two structures i^^'^M and H^'^Wi are integrable, the operators can be defined in 
the following way : if a G C^g(M) and Xf , . . . ,X*+i G r(M, ^o,iM), we set 

ta{Ll . . . X^,) = (a(Lf , . . . ,1*, . . . ,X,V))(lJ) 

{-iy+^a{[L^ ,Lf,],L^,...,Lj,...,Lk,..., Vi) 

j<k 



and if ^ G C^^(M) and Li, . . . , Lg+i G r(M, i?o,iM), we set 

4^(Xi, . . . ,x,+i) = ^(-iy+i4(/3(Xi, ...,Lj,... ,x,+i))(X 



+ 5;(-iy+^'/3([Xj,Xfc],Xi, . . . ,x;, . . . ,x^, . . . ,Xg+i). 

Note that df = <^|^(, ^Mx---x_ffo iM ^^'^ pseudo-complex (C^^(M),(9f) is a differen- 
tial complex, which is nothing else than the tangential Cauchy-Riemann complex on M 
associated to the new CR structure H^'^M. 

Lemma 2.2. The pseudo-complex (C^^(M),4) 'is a differential complex, i.e. d'^od'^ = 
if and only if ^ satisfies [L^ ,L^] = [Xi,X2]*, for any Li,L2 G r(M,iJo,iM). 

Proof. Let / G C°°(M) be a C°°-smooth function on M, going back to the definition of the 
operator d'^ we get 

4 ° dlf{L^M) = XfX* / - X2Xf / - [Xi,X2]*/ 

= 9fo5r/(Xf,X?) + ([Xf,Xj]-[X„X2]*)/ 

= ([xf,x?]-[Xi,x2r)/, 

which proves the lemma. □ 
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3 Embedding of small horizontal perturbations in complex 
manifolds 

Let (M, Hq^iM) be an abstract compact CR manifold of class C°° and Sq : M ->■ Mq C X 
be a C°°-smooth CR embedding in a complex manifold X, then Mq is a compact CR 
submanifold of X of class C°° with the CR structure i?o,iM) = d£o{Ho^iM) = TcMq n 
Tq^iX and the tangential Cauchy-Riemann operator di,. 

Let Ho^iM be an horizontal perturbation of i7o,iM, we are looking for an embedding 
S : M M c X of class C\ I > 1, such that d£{Ho,iM.) = TcM n Tq^iX, i.e. £: is a CR 
embedding. 

Set Hq^iMq = d£o{HQ^iM.), as Sq is a CR embedding then Hq^iMq is an horizontal per- 
turbation of Ho^iMq and consequently it is defined by a (0, l)-form $ G Cq j^(Mo, i^i^oAfo); 

-FT* ' 

A; > L We denote by the associated tangential Cauchy-Riemann operator. 

We will consider only small (the sense will be precised later) perturbations of the origi- 
nal structure, thus it is reasonable to assume that the diffeomorphism F = £o£^^ : Mq C 
X — > M C X is close to identity. 

We equip the manifold X with some Riemannian metric (for example, if X = CP", take 
the Fubini-Study metric) . The idea is to look for some F in the subset of the restrictions to 
Mq of C^-diffeomorphisms of X parametrized by sections of the vector bundle TX by mean 
of the exponential map. Let us consider the following diagram where C/ is a neighborhood 
of the zero section and a a section of TX over Mq 

U CTX ^ X X X 

{x,a{x)) I — > {x,F{x)) = exp^a{x) 

T i 

Mq > X 

X I — > F{x) 

In fact 8 will be a CR embedding if and only if F is CR as a map from Mq = (Mq, Hq^Mq) 
into X, which means that we have to find a section a of TX over Mq such that the image of 
the new CR structure Hq^iMq by the tangent map to expo a is contained in Tq^i{X x X). 

More precisely, using that for all x G Mq we can write F{x) = Tr{x, F{x)) = 7r(expj. cr(x)), 
with TT the second projection from X x X onto X, the map F will be CR if and only if for 
all vector fields X* = X - $(X) G r(M, H^'^M), X G r(M, ijO'^M), we have 

dF(X*) = d(7r(exp^ a{x))(L^) = 0. 

As the differential of the map exp at a point is given by the map {u,^) i-^- {u,u + this 
is equivalent to {d{Id) + d{a)){L ) = 0, i.e. 

di,a = —dfi Id. 

Since d{Id)(L ) = -$(X), all that means that we have to solve the equation 

d'^a = 

The remaining of the section will be devoted to the proof of the following theorem: 
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Theorem 3.1. Let (M, i7o,iM) be an abstract compact CR manifold of class C°° , which is 
smoothly embeddable as a CR manifold in a complex manifold X. Assume that (M, i^o.iM) 
is 2-concave. Let £q be a smooth embedding from M into X and denote by Mq the image 
of Wl by the embedding £q. Assume the db-group of cohomology //'^'"'^(Mo, Ti^o-^^Im,, ) ~ 
and let //o,iM be an horizontal perturbation of i^o.iM defined by a {O,l)-form <I> G 
CS'(M,i/i,oM), Z>1. 

Then there exists a positive real number 6 such that i/||<I>||;+3 < 6, then the CR manifold 
(M,i7o,iM) is embeddable in X as a CR submanifold of class C'. 

3.1 Reduction to a fixed point theorem 

Let E he a CR bundle over M which satisfies H^'^(M., E) = and 17 be a sf-closed 
(0, l)-form in Cq^'^(M, E) and let us consider the following equation: 

dtv = g. (3.1) 

_<j) _<j> 
By definition of the 9^ -operator, the equation di^ v = g is equivalent to the equation 

dbv = 9 + ^^dbv, (3.2) 

where g is the (0, l)-form on M relatively to the initial structure Hq^iM. defined by g{L) = 
g(L - $(L)) for L G r(M, i?o,iM). 

A natural tool to solve such an equation is a global homotopy formula for the db- 
operator with good estimates. 

Assume M is 2-concave, then by [l^lj, since M is embeddable and 1-concave, M is locally 
generically embeddable and we may apply the results in |1] and [1^ on local estimates 
and global homotopy formulas for the tangential Cauchy-Riemann operator. 

In [T] the following result is proved 

Proposition 3.2. Let M be a 2-concave CR generic submanifold of X of class C°° . For 
each point in M , there exist a neighborhood U and linear operators 



Tr : C° (M)^CO ([/), l<r<2 



with the following two properties : 
(i) For all I en and I <r < 2, 



r,(ci,,(M))cC-f(f/) 

and Tr is continuous as an operator between C\^ j.{M) and d'^^!^^{U). 

(a) If f € C^^(M), < r < 1, has compact support in U, then, on U, 

J=b^-f _ 'f '■ = '>' (3.3) 

[dinf + Tidif ./r = l. 

and in [lOj we have derived from the previous proposition a global homotopy formula by 
mean of a functional analytic construction. 



Stability of embeddability under perturbations of the CR structure 9 



Theorem 3.3. Let E he an holomorphic vector bundle over X and Wl be a compact 
2- concave locally generically embeddable CR submanifold of X of class C°° such that 
H^'^(M., E) = 0. Then there exist continuous linear operators 

Ar : Cl^{M,E) CS,,.„i(M,^), 1 < r < 2 

such that 

(i) For all I and 1 <r <2, 

and Ar is continuous as an operator between ^(M, E) and CqX^_1^{M, E). 

(ii) For all f e C^^iM, E) 

f = dbAif + A2dbf (3.4) 

In fact we need better estimates than the previous ones to reduce the solvabiUty of our 
equation 13.21 to a fixed point theorem. 

Assume there exist Banach spaces B''{M.), I € N, with the following properties : 

(i) C^+2(M) C S2'+i(M) c ^^^(M) c C'(M) ; 

(ii) n/gN^'(M) =C~(M) ; 

(iii) 13^(M) is invariant under horizontal perturbations of the CR structure 

(iv) If / G i3'(M), / > 1, Xcf G -B'~^(M) when Xc is a complex vector field tangent 
to M 

and that the previous operators Ar, r = 1,2 are linear continuous operators from 
S^^^(M,S) into }3l+\{M,E) 

Since M is 2-concave and E satisfies H^'^{Wl, E) = 0, under this additional hypothesis, 
if u is a solution of (13. ip . then db{g + ^.idbv) = and by ()3.4p 

db{Ai(g + <^jdbv)) = g + ^^dbv. 

Assume $ is of class C'"^^, then the map 

e : B^^+'^{M,E) ^ B'^^+^{M,E) 

V Aig + Ai {^jdbv) . 

is continuous, and the fixed points of are good candidates to be solutions of (|3.ip . 
3.2 A fixed point theorem 

In this section we assume that all the assumptions of the previous section are satisfied. 

Let 6q such that, if ||<I>||i+2 < ^o, then the norm of the bounded endomorphism Aio^jdb 
of ;B^'+^(M, _E) is equal to eo < 1. We shall prove that, if ||<I>|[«+2 < <^o, the map 6 admits 
a unique fixed point, which is a solution of the equation dbV = g. 

Consider first the uniqueness of the fixed point. Assume vi and V2 are two fixed points 
of 0, then 

vi = Q{vi) = Aig + Ai{^jdbVi) 
V2 = Q{v2) = Aig + Ai{^jdbV2). 
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This implies 

vi -V2 = A\ (<I)j5b(t'i - W2)) 

and, by the hypothesis on 

or = t;2 and hence v\ = V2- 

For the existence we proceed by iteration. We set vq = B(0) = Ai(g) and, for n > 0, 
Vn+i = Q{vn)- Then for n > 0, we get 

Vn+l -Vn = Ai{^jdb{Vn - U„-l)). 

Therefore, if |l^>||/+2 < ^0, the sequence {vn)n£N is a Cauchy sequence in the Banach 
space ,B^'^^(M, £") and hence converges to a form v, moreover by continuity of the map 
0, V satisfies Q{v) = v. 

It remains to prove that 7; is a solution of dXH). Since H'^''^{M,E) = 0, it follows from 
(|3.4p and from the definition of the sequence (fn)nGN that 

g-d'^Vn+l = ^jdb{Vn+l - Vn) + ^2^6(5 + ^jSfeVn). 

For any IijLs G r(M,i?o,iM), 

+ ^jdkVn){Li,L2) = {Ag-Mdb - <^^db)Vn)(Li,L2) 

= db{g - d%Vn){Li,L2) 

Let us consider the (0, l)-form u for the new structure defined by u = g — dfvn-, the 
associated (0, l)-form u for the initial structure satisfies u = g — d'^Vn- Note that, since 

[df, ) = and df, g = 0, we have df,u = and this implies 

dbu{Li,L2) = Liu{L2) - L2u{Li) - ?i([Li, L2]) 

= lfn(l2 ) -I?n(lf ) + - $(l2)u(lf ) - n([Ii,l2]) 

= 5*n(Lf ,1* ) + ,^2 ]) - uiiLiM - HiLiM])) 

+ $(Ii)n(lJ)-$(l2)u(lf) 

= n([lf,l2])-[Ii,l2]+<J>([Ii,l2]) 

+ $(Ii)n(I?)-$(L2)n(lf) 

Since both structures -ffo.iM and ^^o,iM are integrable, the vector field [Lf,^*]) — 
[1^1,^2] + ^{[Li,L2] is a section of Hq^iM, hence there exists W,^{Li, L2) such that 

[if,!*]) - [Il,l2] + ^([Il,l2] = W^(Li,L2) - $(Tr$(Il,l2)). 

Moreover 

[If - [Il,l2] + $([Il,l2] = [$(Il),$(l2)] - ab$(Il,l2) - «>(Il)l2 + «'(l2)Il) 
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and W^{Li, L2) depends on $ at the order 1. 
Finally 

dbu(Li,L2) = uiW^iLiM)) + HLi)u(L2) - HL2)u{Li) 
and going back to n = g( — t;„ we get 

g - d'^Vn+l = ^jdbiVn+1 - Vn) + ^2(t$(5 - d'^Vn)), (3.5) 

where is defined so that t^(u){Li, L2) = u(W^{Li, L2)) + ^{Li)u{L2) — ^{L2)u{Li). 

Note that since g G Cq']'-^^ [M, E) and $ is of class C'+^ then vq G B'^^+^{M) and dbVo - 
^-idbVQ = d'^vo is in 13q'i{M., E), moreover, by definition of an horizontal perturbation, for 
any section L of i7o,iM the vector field ^{L) is complex tangent. 

Thus it follows by induction that d'^Vn € Sq\(M, E) for all n G N and, if <I> is of class 
^/+3^ by (13. Sp we have the estimate 

\\g - dlVn+l\\t32l < \\^jdb\\\\{Vn+l - Vn)\\j32l+l + \\A2\\\\g - dlvnWs^iW^Wi+s- (3.6) 

Let 5 such that if ||$||i_|_3 < 6, then the maximum \\Ai o ^jdb\\ and ||<I>||i+3||A2|| is equal 
to e < 1. Assume ||$|ji-|-3 < 5, then by induction we get 

\\g - dlvn+i\\B2i < (n + l)e"+^||$jab||||i;o||i52'+i + e^'+^Wg - dlvoh^i ■ (3.7) 

But g — d'^vo = ^jdbAig + A2{Tq,{g)) and hence \\g — d'^vo\\Q2i < \\^jdb\\\\Aig\\Q2i+i + 
e||5f||g2i. This implies 

\\g - d'ivn+i\yi < (n + 2)e"+i||$jafe||||^i|l||5||B2<+i +e"+'ll5llB2^- (3.8) 

Since e < 1, the righthand side of p.Sp tends to zero, when n tends to infinity and by 
continuity of the operator d'^ from B^''^^(M, E) into ,Bq';^(M, E), we get that v is a solution 

of dsn. 

3.3 Solution of the embedding problem 

In the setting of the beginning of section [21 let us consider the following anisotropic Holder 
spaces of functions: 

- A°'{Mq), < a < 1, is the set of continuous functions on Mq which are in C"''^(Mo). 

- ^i+"(Mo), < a < 1, is the set of functions / such that / G C(i+")/2(Mo) and 
Xc/ G C"'/'^{Mq), for all complex tangent vector fields Xc to Mq. Set 

ll/lUa = ||/||(l+a)/2 + sup |IXc/|U/2 (3.9) 

ll^cll<l 

- ^'+"(Mo), / > 2, < a < 1, is the set of functions / of class Ct'/^] g^^^i^ ^hat 
Xf G .A'-2+°(Mo), for all tangent vector fields X to M and Xcf G ^'-i+"(Mo), for all 
complex tangent vector fields to Mq. 

Fix some < a < 1 and set B\Mq) = ^'+°(Mo). This sequence {B\Mq),1 G N) is a 
sequence of Banach spaces which satisfies properties (i) to (iv) listed in section 13.11 
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Moreover it is proved in [9] that the operators Ar, r = 1,2, from Theorem 13.31 
are hnear continuous operators between the anisotropic Holder spaces B^Q^{Mo,E) and 

One can also consider the anisotropic Holder spaces introduced by Folland and Stein 
when they studied the tangential Cauchy-Riemann complex on the Heisenberg group and 
more generally on strictly pseudoconvex CR manifolds. 

Let M be a generic CR manifold of class C°° of real dimension 2n and CR dimension 
2n — k and D be a relatively compact domain in M. Let Xi, . . . , X2n-2k be a real basis 
of HM. A curve 7 : [0, r] M is called admissible if for every t G [0, r], 

, 2n-2fc 

i=i 

where \cj{t)? < 1- 

The Folland-Stein anisotropic Holder spaces r^"'""(DnM) are defined in the following 
way: 

- r°(D n M), < a < 1, is the set of continuous fonctions in D f] M such that if for 
every xq G D H M 

7(.) IH 

for any admissible complex tangent curve 7 through xq. 

- rP+"(D n M), p>l,0<Q<l, is the set of continuous fonctions in M such that 
Xcf G TP~^+°'(DnM), for ah complex tangent vector fields Xq to M. 

Fix some < a < 1, the sequence {TP~^°',p € N) is also a sequence of Banach spaces 
which satisfies properties (i) to (iv) listed in section 13.11 

Continuity properties for the operators Ar and Br, r = 1,2, defined in Theorem 13.31 
are proved in [9j. More precisely, for all p € N and < a < 1, the operators A^, r = 1,2, 
from Theorem 13.31 are continuous from Fq^" (M) into Fq^^"^" (M) . 

We can apply now the method developed in section [3^2] with E = Ti^X^^^j^^ to solve 
the equation 

di^a = —df, Id 

and a unique solution is given by a fixed point a of the map B if H'^Hz+a is sufficiently 
small, moreover this fixed point is contained in the neighborhood U of the zero section in 
TX on which the exponential map is defined, once again if ||<I>||/+3 is small enough, since 
\\a\\i < ||$||i+2- We deduce that £ = F o £q, with F defined by F{x) = eyi\>^a{x), is the 
embedding we are looking for, which ends the proof of Theorem 13. 11 

4 Stability of embeddability in CP^ 

In this section we will consider the case when the compact CR manifold (M, i^o.iM) is 
embeddable in some CP^. Let £q : M ^ Mq C CP^ be a C~-smooth CR embedding, 
it is defined by some homogeneous coordinates (/i, . . . , /at), each fj,j = l,...,N, being 
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a CR function such that on the set Uj = {x e M \ fj ^ 0}, (4, . . . , . . . , ^) 

''J ''J •'J ''3 

defines a diffeomorphism. 

Let us consider an horizontal perturbation //o,iM of -?/o,iM, we are looking for a CR 
embedding £ of (M, i/o,iM) in CP^ . As we will consider only small perturbations of 
the original structure, we are lead to look for some £ given by some small perturbation 
{fi — gi, ■ ■ ■ , /n — Bn) of the original homogeneous coordinates (/i, . . . , /at), which have 
to satisfy df, {fj — gj) = for all j = 1, . . . , N. Using the definition of the operator dj, , 
this is equivalent to 

dtgj=<^^dbf, for all j = l,...,iV. (4.1) 

Note that the second member of these equations is controlled by the form $ which de- 

_<j) , 

fines the perturbation, so that if we can solve the equation df, g = f with C -estimates 
uniformly with respect to then for <I> sufficiently small the homogeneous coordinates 
ifi — gi, ■ ■ ■ T In — gN) will define the CR embedding we are looking for. 

_<j) 

4.1 Solving the 5^ with estimates 

We are interested in solving the equation 

dfa = /3 (4.2) 

with estimates, uniformly with respect to in bidegree (0, 1) for an horizontal pertur- 
bation, given by a form of the CR structure of an abstract compact CR manifold 
(M, i^o.iM) of class C°°, when $ is sufficiently small. We will follow the method used by 
|13j leading to a strong Hodge decomposition theorem and homotopy formulas. 

We equip M with a hermitian metric such that //q.iM and //i^qM are orthogonal and 
we consider the Kohn-Laplacian 

□f, = dbdl + dldb. 

For M equipped with the perturbed structure i^o.iM, we can also consider the Kohn- 
Laplacian 

□f = dtdt + dt dt 

replacing the ^^-operator by the new operator 5*. We first establish some a priori esti- 
mates for 

Theorem 4.1. Let (M, ffo,iM) be an abstract compact CR manifold of class C°° and 
#o,iM be an horizontal perturbation of Hq^iM defined by a (0, l)-form <I> € Cq i{M, HifiM), 
I > 1, such that ||<l*||co < 1. Assume that the Levi form o/M satisfies condition Y{1) at 
xq G M. Then there exists 5 > and a sufficiently small neighborhood U of xq such that, 

if\\^\y < 5, 

\\a\\\ < C{1 + K\mc^){\\dtaf + \\dt* + \\af) 

2 

for all a € Vq^i{U), where \\.\\ and \\.\\s are respectively the L^ and the Sobolev norms. 
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Proof. Let Li, . . . , L^^k be an orthonormal basis for i^o.iM and cJi , . . . , TDn-k its dual basis. 
Since ||$||co < 1, then Lf , . . . , Lf , . . . , where L* = Lj — <&(Ly). j = 1, . . . , ra — 

/c, defines a basis of ifM. We denote by wf , . . . the dual basis of , . . . , L^^j^, 

then, for all j = 1, . . . , ra — fc, we have uf = Uj + (*(/ — $)~^ — = oJj + 9f. 

If / is a smooth function on M, we set 

n—k n—k 

ml = E 11^^/11' + 11/11'' ii/iiz = E 11^^/11' + 11/11'- 

i=l 1=1 
Let a be a (0, r)-form for the new structure -ffo.iM with smooth coefficients, then 

a = a I ujf, 

\I\=r 

where ojf = ojf^ A • • • A cJ* if / is the multi-indice / = (ii, . . . , i^) and we have 

n—k 

^& « = E E -^J Oil ^^I + ■ ■ ■ , 

j=l \I\=r 

where . . . denote terms which do not involve the derivatives of a. 
If r = 0, then 

n—k 

n—k 

= dba + ^[Lj a 9^ - $(1^) a Zof] 

and since the perturbation is horizontal, i.e. $ G Cq ^(M, i^i^oM), we get 
p,af < + O(||$||co(||a||i + ||a||)). 

If r = 1, then 

n—k 

dla = E i^j - A ajf + . . . 

n—k 

= + E (^3 «i ^ - ^(^j) Oi ojf A ojf) + R{^, a), 
where R{^,a) is controlled by (1 + ||$||ci)||q!||, and if {lJ)* denotes the Hilbert adjoint 
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n—k 
n—k 

n—k 

= dla - WLjW a, + kjm-Lj - ('J>(I,))*)«i + R*{^,a), 

where Xij{^) is controlled by ||<I>||co, ||(<I>(Lj))*/|| = Odlt&Uci H/H^) and R*{^,a) is con- 
trolled by ll^llci ||«||- 
All this implies 

Wdbaf < \\dtaf + 0(||<l>||co(||a||i + ||ai||)) + 0((1 + ||<I>||cO'll"f ) 

and 

WKaf < ll^raf + 0(||«'||ci(l|a||£ + \\a\\l)) + Oi\\^\\li\\af). 

The a priori estimates proved in Theorem 3.1 of [13j gives the existence of a constant 
Co such that for any a € C^^{M.), r = 0, 1, the following estimate is satisfied 

ll«lll + l|a|l| < CoiWdbaf + \\dlaf + \\af). 
Using the previous calculations we get the existence of two constants C and C such that 

l|a||£ + l|a|l| < C{\\d^af + \\dt*af + ||af ) + C"||$||ci (||a||| + ||a||| + ||af ). 

Choose 6 < 1 sufficiently small such that C'6 < 1, then if H^Uci < ^ there exists a constant 
C" such that 

+ ||q||| < C"(l + C"\mc^){\\dta\\^ + \\dt*af + ||af ). 

This implies the theorem since under the condition Y(l) the real and the imaginary part 
of the vector fields Lj satisfy Hormander's finite type condition of type 2. □ 

In the spirit of the pionnier works by Kohn-Nirenberg and Folland-Kohn, following the 
methods used in section 3 of [TH] , the a priori estimates obtained in Theorem 14.11 gives the 

existence and the regularity of solutions for the and the equations on compact CR 
manifolds. Denote by 

nli{M) = kevaf = {q G L§,i(M) | dfa = d^* a = 0} 

and by if* the projection operator from Lq ^ onto ?^*^(M). We have the following strong 
Hodge decomposition 
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Theorem 4.2. Let (M, i^o.iM) be an abstract compact CR manifold of class C°° and 
ifo,iM be an horizontal perturbation of Hq^iM defined by a (0, l)-form <J> G Cg i(M, HifiM), 
I > 1. Suppose that the Levi form o/M satisfies condition Y(l) and |l^*||ci is sufficiently 
small, then there exists a compact operator Gf : Lq^(M) Dom{\I\f), r = 0, 1 such 
that 

(i) For all s € 'N and r = 0,1, Gf is continuous from Wq^{M.) into Wq^^{M.), more 
precisely there exists 6 > such that, if ||$||c2+s < 5, there exists a constant Gg independent 
of <^> such that 

\\Gt{a)\\s+i<Gs\\a\\s, 

forae Wo',^(M). 

(a) For any f G ^^(M) 

f=drdtGtf+H^f, 

and for any a £ Lq^ (M) 

a = OfjOfj Gf, a + Oft Of, Gf, a + iif, a. 

(Hi) GfH^ = HfGf = 0, Gf = UfGf = I - on Dom{Uf) and if Gf is 
also defined on Lq2(M) (respectively LqqCM)), Gfd), = df,Gf on Dom{df,) (respectiely 
Gtt*=t*Gt on Dom{t^)). 

From this theorem we can deduce some results on the solvabihty of (|4.2p . 

Corollary 4.3. Under the hypotheses of Theorem \4-^ for any f G L^(M) 

dff = dtdt Gfdtf- 

Moreover there exists 6 > such that, if \\^\\c2+s < 6, there exists a constant Gg indepen- 
dent of <I> such that 

wT Gfdtf \i_,._<GMf\u 

Proof. We apply Theorem 14.21 in degree 0. If / G L^(M) we get 

f = 'f,*dtGff + Hff, 

which implies 

tf=m*tGff+tHtf. 

Using that ker □* C ker 9* and that Gf exists in bidegree (0,1) and commute with 5* 
since M satisfies condition Y(l) we obtain 

= Gfdtf. 

The estimate can be deduced in a classical way from the estimate (i) in Theorem 14.21 see 
e.g. Theorem 8.4.14 in [3]. □ 
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4.2 Stability theorem 

Let us go back to the setting of the beginning of Section HI Note that if the CR manifold 

(M, i?o,iM) is 2-concave its Levi form satisfies condition Y(l) and so we can apply the 

_<j) 

previous results on the solvability of the df, -equation to the equations 

d^gj=dtfj = ^jdtfj for alii = l,...,Af. (4.3) 

Assume that ||<^||(;!+2 is sufficiently small to apply Corollarv 14.31 then there exists a con- 
stant C independent of $ such that if gj satisfies ()4.3p then 

WgjWc < C\\<^\y\\fj\\ci+i, 

and taking $ even smaller (/i — gi, . . . , /n — gN) will define homogeneous CR coordinates 
on (M, ffo.iM). So we have proved 

Theorem 4.4. Let (M, //o,iM) be an abstract compact CR manifold of class C°°, which is 
smoothly embeddable as a CR manifold in CP". Assume that (M, i?o,iM) is 2-concave and 
let -H'o.iM be an horizontal perturbation ofHo^iM defined by a (0, l)-form $ G Cq~^^{M, Hi^qM), 
1>1.' 

Then there exists a positive real number 6 such that if ||^*||ci+2 < 5, then the CR 
manifold (M, i7o,iM) is embeddable in CP" as a CR submanifold of class CK 
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